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CS 70 Discrete Mathematics and Proloa]oility Theory
Summer 2021 DI5 3B

| Polynomia] Practice

(a) If f and g are non-zero real polynomials, how many roots do the following polynomials have
at least? How many can they have at most? (Your answer may depend on the degrees of f and

g.) _ A2 A0 rovts / sy oot
(1)&+gj (x* \3 + TQ NN Y x X o+ \g—/a @
e w1 o oy 4ol

(iii) f/g, assuming that f /g is a polynomial X

/
I mia 0 may e Cdig) ST
) ~- U Max D O\LD‘ * 4%\)3 (2t

O ool msugtay ) | 4> 0D

(b) Now let f and g be polynomials over GF(p), where p is prime.

(i) We say a polynomial f =0 if Vx, f(x) =0. If f-g =0, is it true that either f = 0 or
g:()() '_—A\F. \‘ - o 0r P

(ii) How many f of degree exactly d < p are there such that f(0) = a for some fixed a €
{O,l,...,p—l}? [C0~n4iﬂ)] what aee possible

(43 strer gm0 i B QMU),

a, @, &, - a4
@ (‘) Oy O — @ L)
(XY =0, = 0)

Dufo aabue Teoa
G e s/ Lozt L

Cl CCe-1) i G d-) Zemth ob Jhink
J —%%M IP’B/
tamabdion

ot Nad R

~bi.. dig I
Co (-8 D) B
Ge Ge
(c) Find a polynomial f over GF(5) that satisfies f(0) = 1, f(2) =2, f(4) = 0. How many such
polynomials are there?

poe-\\‘o-\) GF(Q)

G 2oy

o¥f Lu;‘F“L‘*‘j
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2 Rational Root Theorem

The rational root theorem states that for a polynomial
P(x) = ayx" + ap_1 XN+ +a,

agp,--- ,an € Z, if ag,a, # 0, then for each rational solution % such that ged(p,q) = 1, plap and
q|ay. Prove the rational root theorem.

3 ecrets in the United Nations

A vault in the United Nations can be opened with a secret combination s € Z. In only two situations
should this vault be opened: (i) all 193 member countries must agree, or (ii) at least 55 countries,
plus the U.N. Secretary-General, must agree. hiat  —  Can  givt any ausber
of e 49 a ayent
(a) Propose a scheme that gives private information to the Secretary-General and all 193 member
countries so that the secret combination s can only be recovered under either one of the two
specified conditions.

(b) The General Assembly of the UN decides to add an extra level of security: each of the 193
member countries has a delegation of 12 representatives, all of whom must agree in order for

CS 70, Summer 2021, DIS 3B 2



that country to help open the vault. Propose a scheme that adds this new feature. The scheme
should give private information to the Secretary-General and to each representative of each
country.
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